We have proposed in a series of previous papers a method to determine the effective axial-vector current coupling and the strength of the isoscalar proton-neutron pairing interaction for calculating the nuclear matrix elements of the neutrinoless double-β decay by the quasiparticle random-phase approximation. The combination of these two parameters have had an uncertainty in this approach, but now this uncertainty is removed. In this paper, we apply our method to the neutrinoless double-β decays of 136 Xe and 130 Te and predict the nuclear matrix elements and reduced half-lives. Our calculation is tested first by a self-check method using the two-neutrino double-β decay, and this test ensures the application of our method to 136 Xe. It turns out, however, that our method is not successful in 130 Te. Further test is made for our calculation of the β decay of 138 Xe, and a satisfactory result is obtained.
I. INTRODUCTION
Neutrino physics is in an important era. The neutrinooscillation experiments have significant progress in terms of precision and accuracy, and nowadays there is a realistic possibility that the hierarchy of the neutrino mass is clarified in the future [1] . The experiments of the neutrinoless double-β (0νββ) decay also progress, and the upper limit of the neutrino effective mass (Majorana neutrino mass) is lowered significantly compared to many years ago, e.g., [2] .
The nuclear matrix element (NME) of the 0νββ decay plays a crucial role for the determination of the effective neutrino mass [3] . This NME and the phase-space factor are necessary for the determination, and these theoretical quantities cannot be confirmed directly experimentally. It seems fair to write that the calculation of the NME is more difficult than the phase-space factor because all of the candidate nuclei of the 0νββ decay are heavy, thus, approximation is essential for obtaining the nuclear wave functions. For this reason, it has been an important problem how the reliability of the NME calculation can be shown, and if possible, how the calculation can be improved.
Several theoretical methods or models have been applied for obtaining the nuclear wave functions to calculate the NMEs, and those NMEs are in the range of a factor of 2−3 depending on the method [3] . The quasiparticle random-phase approximation (QRPA) approach has a long history of the application to the 0νββ decay, e.g., . Those applications clarified that a crucial point in the calculation procedure is to determine the effective axial-vector current coupling g A and the strength of the isoscalar, necessarily proton-neutron, pairing interaction, e.g., [28] . Currently phenomenological value is necessary for the former parameter in any approach to the ββ decay. The value of the latter parameter is not well-established in the approaches using phenomenological energy-density functional because the proton-neutron pairing gap is not clear in the experimental data. It was pointed out [28] that the different combinations of the two parameters result in similar NMEs as long as the experimental half-lives in the two-neutrino double-β (2νββ) decays are reproduced. It would be still better, if this uncertainty of the combination is removed; the calculation of the NME is a matter of reliability.
We have proposed [29] a method to solve this problem by introducing a mathematical identity for determining the strength of the isoscalar pairing interaction; no additional symmetry is imposed. The effective g A is determined so as to reproduce the experimental 2νββ half-life; this is as usual in the QRPA approach, e.g., [24] . This method is clear-cut theoretically, however, the obtained value of g A is ∼ 0.5 much smaller than the usual values ∼ 1.0, e.g., [24] . It would not be surprising, if the appropriate effective g A depends on the approximation method. Considering the current situation of many ββ studies [3] , it is necessary for our method to examine if our small g A does not cause any problem. A useful check is the consistency with the β decay. As a matter of course, any of the candidate nuclei of the 0νββ decay used by the experiments do not have the β decay, thus to our knowledge, there has been no theoretical paper on the ββ decay discussing the β decay simultaneously. In this case, one can study the β decay of nuclei close to the candidate nuclei in the nuclear chart assuming that the change in the effective g A is negligible.
The QRPA is a method to obtain the transition from the ground state to the excited states, e.g., [30, 31] . When the pairs of the proton and neutron quasiparticles are used as the building blocks to express the transition, i.e., the proton-neutron QRPA (pnQRPA), the intermediate states of the ββ decay can be represented by two ways; one is the pnQRPA based on the ground state of the mother nucleus, and another way is to use that of the grand-daughter nucleus. Section II is a concise description of the calculation methods of the Hartree-Fock-Bogoliubov (HFB) approximation, QRPA, and NMEs of the ββ decays. The calculation results of the NMEs are shown in Sec. III, and several tests of the calculation are discussed. Section IV is the summary.
II. CALCULATION METHOD

A. HFB calculation
We proceed according to the original QRPA theory [30, 31] . That is, the HFB calculation is performed at the beginning, and the subsequent QRPA calculation is performed using the HFB ground state and the same Hamiltonian as used in the HFB calculation. The HFB code developed according to Refs. [33] [34] [35] is used. The quasiparticle wave functions are represented in the twodimensional cylindrical B-spline mesh with the vanishing boundary condition at the edge of the cylindrical box. The parity and the z-component of the angular momentum j z are good quantum numbers. Only z > 0 is treated numerically, and the calculation with respect to the angle around the z axis is processed analytically. These two symmetries are always conserved throughout our calculations below. The maximum z is 20 fm, and the maximum of the radius variable ρ of the direction perpendicular to the z direction is also 20 fm. The number of the B-spline mesh points is 42 for each coordinate variable with a nonuniform distribution.
For the Hamiltonian, we use the Skyrme interaction (energy density functional) with parameter set SkM * [36] and the volume (density independent) contact pairing interactions. The effective single-particle energy range of applying the pairing interaction is from the lowest level Table I .
B. QRPA calculation
After the HFB solution is obtained, the canonical single-particle [30] wave functions are obtained by diagonalization of the density. The QRPA equation for the computation is constructed in the so-called matrix formulation [30] with the canonical-quasiparticle basis. The dimension of the two-quasiparticle space to define the QRPA equation is truncated by using parameters based on the occupation probabilities of the canonical single-particle states [38] ; the physically relevant states are used by this scheme. The dimension is ∼70000 for K ≤ 1 and less than 40000 for K ≥ 2 in the like-particle QRPA (lpQRPA) calculations. K is the z component of the nuclear angular momentum, and the actual computation is performed only for K ≥ 0 on the basis of the timereversal invariance of the ground state. The larger space is used for K ≤ 1 for the separation of the spurious states from the real states. For the proton-neutron QRPA (pn-QRPA), the dimension is always less than 40000. The solutions of K ≤ 8 were obtained.
C. Calculation of ββ nuclear matrix element
Our unique procedure [29] to obtain the NME of the ββ decay is as follows: first, the Gamow-Teller (GT) component of the 0νββ NME is calculated using the virtual two-particle transfer path [(Z, N ) → (Z, N − 2) → (Z + 2, N − 2), Z: proton number, N : neutron number], which is possible under the closure approximation. The lpQRPA is used for obtaining the intermediate states. Our numerical solutions of the pnQRPA (see below) do not have complex-energy solution, thus, the HFB ground state is not in the proton-neutron pair condensation. Therefore, the proton-neutron pairing interaction does not contribute to the lpQRPA calculation. The spurious states inherent to the lpQRPA are not included in the calculation of the NME. The 0νββ NME is also obtained by the original ββ
] using the pnQRPA. The average of the proton-proton and neutronneutron pairing interactions is used for the strength of the isovector proton-neutron pairing interaction assuming the isospin invariance of the system. The strength of the isoscalar pairing interaction is determined so as to reproduce the GT component of the 0νββ NME obtained by the virtual-path calculation. The equivalence of the two decay paths is a constraint on the effective interactions for the QRPA. The assumption for this step is that the effective interactions other than the isoscalar pairing interaction are established. The strengths of the pairing interactions are summarized in Table II . The Fermi component of the NME is controlled mainly by the isovector proton-neutron pairing interaction. The tensor component [39] of the NME is neglected throughout our paper because it is known that this component is relatively small.
Next, the 2νββ NME is calculated by the pnQRPA with those strengths of the pairing interactions, and the effective g A is determined so as to reproduce the experimental half-life in the 2νββ decay. Finally, the 0νββ NME is calculated with this g A and the pnQRPA solutions already obtained.
The effective g A is common for the 2νββ and 0νββ calculations because we check the convergence of the result with respect to the dimension of the single-particle spaces. If the single-particle space is not sufficiently large, the appropriate g A would be different for the two ββ decays because the neutrino potential of the 0νββ decay has a singularity.
III. CALCULATION RESULTS AND TESTS
A. Self-check using 2νββ decay
Two NMEs of the 2νββ decay M (2ν) (I) and
|I and |F are the ground states of the initial and final nuclei, respectively. (obtained from |F ). Those used for the Fermi NME [Eqs. (5) and (6) ] are the K = 0 states, and the K is omitted. The operator changing a neutron to proton is denoted by τ − , and σ K is the spherical component of the spin-Pauli matrix operator; τ − σ K in the equations of the GT component [Eqs. (3) and (4)] is a one-body operator, and τ − in Eqs. (5) and (6) 
This is the check point of the validity of the QRPA approach to the 2νββ decay.
The half-life in this decay is calculated by
where
2ν is the phase-space factor, and we refer to the values in Ref. [43] . Table III GT /µ 0 reflecting on the approximate isospin invariance of the isovector pairing interaction.
B. Spectrum of intermediate nucleus
The calculated spectrum of the intermediate nucleus 136 Cs is drawn in Fig. 1 for further showing the validity of the QRPA approach to the decay of 136 Xe. The left spectrum is obtained by the pnQRPA calculation based on 136 Xe, and the right one is obtained based on 136 Ba. We used the transition strength for identifying the intermediate nucleus; see Appendix. Overall, the two results are close to each other. States of angular momentum J ≤ 3, π = − were not found in the shown energy region. There is a major gap of levels around 1 MeV for any J π . The correspondence of the levels can also be found in many parts between the two calculations. There are two major differences. There is no J π = 4 + level in the right figure. This is because there is no transition probability from the ground state of 136 Ba. The levels around 3 MeV in the right figure are more tightly gathered than those in the left figure. The satisfactory result of the check using the 2νββ decay is endorsed by these spectra.
The Fig. 2. A gap is seen between 1.0−1.9 MeV, and no low-J negative-parity level is seen except for one to which 2 − is assigned tentatively. The 1 + levels are observed through the β decays, and the high-J levels higher than 2.0 MeV are observed through fissions. Apparently, what states are observed depends on the experimental method. Thus, it is speculated that not all states have been observed in the discrete-energy region. The features of the calculated spectrum seem seen in the experimental data, although this agreement is not conclusive. The ground state is a 7
− state in our calculation, but it is actually a 5
+ state in the experimental data. It is noted that the Skyrme parameter set SkM * is constructed so as to reproduce the properties of the even-even nuclear ground states on average in a broad region of the nuclear chart with emphasis on the doubly-magic nuclei, and fission barrier is also taken into account. Properties of odd-odd nuclei are not taken into account at all.
C. 0νββ decay
The 0νββ-decay NME M (0ν) is calculated by
where p and p ′ denote the protons, and n and n ′ denote the neutrons. Operators c † i and c i denote the creation and annihilation operators of particle i, respectively. The two-body transition matrix elements are defined by
The argument of σ and τ − distinguishes the two particles that the operators act on. We use the following equation for the neutrino potential: 
This neutrino potential is derived by neglecting the effective neutrino mass compared to the major momentum transfer by the propagating neutrino [39] . R is the root-mean-square radius of nucleus, r 12 is the distance between two particles, andĒ a is the average energy introduced in the closure approximation. R = 1.1A 1/3 fm, with the mass number A, andμ a = 18.51 are used in our calculations. In Eq. (16), functions
are used. We calculate reduced half-life in the 0νββ decay
where G 0ν is the phase-space factor of the 0νββ decay. R
1/2 is the quantity necessary for determining the effective neutrino mass m ν as seen from
with the half-life in the 0νββ decay T The calculated NMEs and R (0ν) 1/2 are summarized in Table  IV , and R (0ν) 1/2 's of different groups are compared in Fig. 3 together with those of 48 Ca and 150 Nd that we calculated previously. Our values, filled red circles in Fig. 3 , are always much higher than the majority of the values of the several groups. Therefore, the tests of our calculations are important. Our values for 130 Te, 136 Xe, and 150 Nd are close to some of those of "QRPA, Chapel Hill" (see Fig. 3 ) [25] , which were calculated with g A = 1.0. The authors of Ref. [25] also used g A = 1.27, and the corresponding R 
is also used sometimes in literatures, e.g., [20] with the bare value of g bare A ≈ 1.27. 48 Ca, [24] (QRPA, Tübingen); [47] (SM, Mount Pleasant); [48] (SM, Tokyo); [49] (IBM-2) ; [46] (GCM, Madrid); [50] (GCM, Sendai); [51] (SM, Madrid); [52] (GCM, Chapel Hill); [32] (QRPA, our calculation).
136 Xe, [49] (IBM-2); [24] (QRPA, Tübingen); [25] (QRPA, Chapel Hill); [50] (GCM, Sendai); [46] (GCM, Madrid); [51] (SM, Madrid); [47] (SM, Mount Pleasant); [27] (QRPA, Jyväskylä); this paper (QRPA, our calculation).
150 Nd, [49] (IBM-2); [26] (QRPA, Tübingen); [25] (QRPA, Chapel Hill); [50] (GCM, Sendai); [46] (GCM, Madrid); [29, 42] (QRPA, our calculation). Figure 4 shows the convergence of the NME of 136 Xe → 136 Ba with respect to the single-particle space. We use very large two-quasiparticle spaces for the QRPA calculations, and the test of the convergence was made by varying the two-single-particle spaces used for calculating V GT (0ν) pp ′ ,nn ′ (Ē a ) and V that of 130 Te (Fig. 5) [32] by using the transition operator consisting of the GT and isovector spin-monopole operators phenomenologically. This idea could be tested, if the GT-strength data including the giant-resonance region are obtained. Actually the yield data are obtained up to 30 MeV.
E. β decay
We calculated the probability of the β decay of 138 Xe for testing our g A . The calculated spectrum and logft are compared to those of the experimental data [45] for 1 + states in Fig. 7 . The level distribution of the data is slightly denser and lower than the corresponding calculated levels. We obtained a level around −2.9 MeV, however, there is no corresponding experimental level. Actually there is a level of 0 − or 1 − around that energy in the data. We plot
in Figs. 8 (our calculation) and 9 (experiment). The summation of the calculated B GT between −1.2 MeV and −0.3 MeV is 0.319, and the corresponding experimental value is 0.281; the former is 14 % larger than the latter. Thus, our g A fitting the T
1/2 of 136 Xe is consistent with the β decay of a nearby nucleus.
F.
Higher-order effect in 2νββ decay
Very recently, a higher-order component of the 2νββ NME [56] 
was suggested, and the experimental value of the ratio
was extracted for 136 Xe by fitting the 2νββ spectrum [57] . In Eq. (22), µ a refers to Eq. (7) or (8); there is no difference for 136 Xe. Our value is ξ GT -3 /µ a is not included in the 2νββ NME in Sec. III A.
IV. SUMMARY
In this paper, we have calculated the NMEs of the ββ decays of 136 Xe and 130 Te, from which R
1/2 were derived. Several tests have been made for investigating the reliability of our prediction of R 2. The convergence of the NME with respect to the dimension of the single-particle space.
3. The comparison of the two spectra of the intermediate nucleus obtained by the pnQRPA and comparison of them with the experimental data.
4. The GT sum rule.
The comparison of the GT
− strength with the data of the charge-change reaction.
6. The comparison of the β decay spectrum and B GT with the experimental data.
7. Test using a new quantity expressing a higher-order effect in the 2νββ NME.
No problem was found for 136 Xe concerning our methodology. On the other hand, it turned out that our approach was not successful to 130 Te. A key point of our procedure is the strength of the isoscalar pairing interaction. Our value is not very strong, so that the pnQRPA solutions are not close to the unstable region. Actually, this value makes the effective g A smaller. Thus, we investigated if this g A was consistent with the β decay, and the consistency was obtained. The effective g A depends on the approximation. To our knowledge, the spectrum of the intermediate nucleus by the pnQRPA has been shown for the first time. The comparison of the GT − strength with the experimental data is encouraging in terms of the energy dependence, however, a problem remains about how the experimental absolute value can be reproduced; a possibility is to include the isovector spin-monopole operator to the transition operator. The GT − -strength data in a broader energy region are necessary for the test of the calculation. That transition operator is not obvious a priori in the charge-change reaction. The QRPA solutions include multiple nuclei, if the HFB ground state is paired. In low-energy region, the identification of the solutions corresponding to a specific nucleus is possible only approximately. We introduce auxiliary transition operator O and those for other J π in the analogous way. We calculate the transition strengths of these operators for the QRPA solutions based on 136 Xe and regard those having relatively large strengths as the states of 136 Cs. J π of the state is identified with that of the transition operator of the large strength. The expectation value of r 8 is calculated with respect to the HFB ground state. This r 8 is used for covering a large energy region, as seen by expressing it using the creation and annihilation operators of the harmonic oscillator. The exponent of 8 may be reasonable because K up to 8 are treated in the NME calculation of the ββ decay. For identifying 136 Cs obtained from 136 Ba, the same operators but for τ + = τ − † instead of τ − are used. In neutron-rich nuclei, the p → n transition is much rare compared to the n → p transition. Therefore, all QRPA solutions were picked up which have the finite transition strength of p → n.
